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ABSTRACT

In this study, the joint distributions of order statistics from innid variables from a
truncated distribution is expressed in terms of the specialized identities. Then, some
results connecting distributions of order statistics from innid variables from a truncated
distribution to that of order statistics from iid variables from a truncated distribution are
given.
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INTRODUCTION

Several identities and recurrence relations for probability density function (pdf)
and distribution function (df) of order statistics of independent and identically
distributed (iid) random variables were established by numerous authors
including Arnold et al. (1992); Balasubramanian & Beg (2003); David (1981);
and Reiss (1989). Furthermore, Arnold et al. (1992), David (1981); Gan & Bain
(1995), and Khatri (1962) obtained the probability function and df of order
statistics of iid random variables from a discrete parent. Corley (1984) defined a
multivariate generalization of classical order statistics for random samples from
a continuous multivariate distribution. Expressions for generalized joint
densities of order statistics of iid random variables in terms of Radon-Nikodym
derivatives with respect to product measures based on df were derived by Goldie
& Maller (1997). Guilbaud (1982) expressed the probability of the functions of
independent but not necessarily identically distributed (innid) random vectors as
a linear combination of probabilities of the functions of iid random vectors and
thus also for order statistics of random variables.

Recurrence relationships among the distribution functions of order statistics
arising from innid random variables were obtained by Cao & West (1997). In
addition, Vaughan and Venables (1972) derived the joint pdf and marginal pdf
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of order statistics of innid random variables by means of permanents.
Balakrishnan (2007); and Bapat & Beg (1989) obtained the joint pdf and df of
order statistics of innid random variables by means of permanents. Using
multinomial arguments, the pdf of X;.,.1 (1 <r <n+1) was obtained by Childs
& Balakrishnan (2006) by adding another independent random variable to the
original n variables Xi, X»,...,X,. Also, Balasubramanian et al. (1994)
established the identities satisfied by distributions of order statistics from non-
independent non-identical variables through operator methods based on the
difference and differential operators. Beg (1991) obtained several recurrence
relations and identities for product moments of order statistics of innid random
variables using permanents. Recently, Cramer et al. (2009) derived the
expressions for the distribution and density functions by Ryser’s method and the
distributions of maxima and minima based on permanents. In the first of two
papers, Balasubramanian et al. (1991) obtained the distribution of single order
statistic in terms of distribution functions of the minimum and maximum order
statistics of some subsets of {Xj,X>,...,X,} where X;’s are innid random
variables. Later, Balasubramanian et al. (1996) generalized their previous results
(1991) to the case of the joint distribution function of several order statistics.
Gilingdr et al. (2009) examined distributions of order statistics. The joint
distributions of order statistics of innid random variables are expressed by
Giingdr (2012). In this study, the joint distributions of order statistics from innid
variables from a truncated distribution are obtained. From now on, the
subscripts and superscripts are defined in the first place in which they are used
and these definitions will be valid unless they are redefined.

If aj, ay, ...are defined as column vectors, then the matrix obtained by taking
m copies of aj, m; copies of ay, ... can be denoted as

[a1 an ]
mp mp

and per A denotes the permanent of a square matrix A, which is defined as
similar to determinant except that all terms in the expansion have a positive
sign.

Let Fyand f; (i=1,2,...,n) be df and pdf of X, respectively.
a(F) = inf{x: F(x) >0} = F'(0) and w (F;) = sup{x : Fi(x) < 1} = F'(1), xe R (1)
From (1), we can write

a(qui) = U and w (qui) =V (2)
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From (2), df and pdf of X; which truncated on the left at u; and right at v;,
respectively, are expressed as
Fi(x) — Fi(u;)

llvFi(x) = m

and /fi(x) = f : (3)

Let X1, X», ..., X,, be innid continuous random variables which are truncated
and X1, < X5, < ... < X, be the order statistics obtained by arranging the n
X's in increasing order of magnitude. Moreover, Xj,, X3 . ..., X}  are order

statistics of truncated random variables with common df ,,F’and pdf ,.f°,
respectively, defined by

ng - uvdj (4)
ng i€s
and
s 1 g
uvf :}’l_z mfi- (5)
S ies

Here, s is a subset of the integers {7, 2,... , n} with ny >1 elements. A[s/.) is the
matrix obtained from A by taking rows whose indices are in s.

The df and pdf of X, ., Xiyiny ooy Xeyjn 1 S <y <o <rg<myd=1,2,....n)

n,...,M3,My  N,....M3,11)

will then be given. For notational convenience we write > >, > , > and
Mgy sy ,my Lg,..ln,l

) n K,H n m3 ny n mj3 ny
S instead of Y (=D""=>, > > Y, Y .. > > and
sty k=1 n! ng=K Mg=ry my=ry my=ry tg=my ty=my ty=m
n r3—1 r2—l

> .. > Y inthe expressions below, respectively.

lg=rq D=y 11=r

2. IDENTITIES LEADING TO DISTRIBUTION FUNCTION

The identities in the following theorems will be used to obtain joint df of order
statistics from innid variables from a truncated distribution. The identities
connect order statistics of innid random variables to that of iid random variables
using (4). We will now express five theorems using to establish the df of order
statistics from innid variables from a truncated distribution.

Theorem 2.1.

d+1 My

Pel'[Aqu(Xl) A11\'F(x2> Aqu(x{Hl)] = Z H H AUVF}[(XH')?XI <xp << Xy <6)

m my—my n—mg P w=l 1:n1w71+]
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where Aqu(xw) = (Aqul (xw)a AquZ(xw)v ey Aqun(xw))/ ( w= ];2;“- ’d+ 1 ) is
column vector, x,, € R, ), denotes the sum over all n! permutations (ji, 2, ..., j,) of
(]:2"-- ,}’l), my = 09 mgy1 = N, Aqu/'/(xw) = qu/'/(Xw) - qu}',(xwfl)a qu}'/(XO) =0 and
11V'F}/(xcl+l) =1.

Proof. Using expansion of permanent, it can be written:
per[AnF(x1)  AnF(x2) . AnF(xa1)]

m my—nj n—my
= ZP: A“"E‘fl (xl) AIIVF'Im ( ) A“‘ Em +1( ) Au‘ F‘Im?( ) 'AllVE‘f;;1(,+1 <x11+1)"‘A11\’Bi1 (Xd+])

:;@Amﬂxxu)( [ Ak )) [T AuF(xe).

I=my+1 l=mg+1
Thus, (6) is obtained.

The following theorem connects the df of order statistics of innid random
variables to that of order statistics of iid random variables.

Theorem 2.2.
d+1 myy d+1

Z H H A“V x” Z Zn' H AquY xu m“ e n (7)

P w=ll=m,,_1+1

where ,, F*(x411) = 1.

Proof. The proof was omitted because of a special case of the proof of Theorem
2.1.

Identity in Theorem 2.2 can be expressed as (8) using binomial expansion.

Theorem 2.3.
d+l
oyon TT A F ()™ ™
w=1 (8)
my dlmy nm—t My, — My 1=y, my—t
_ZE”' [UV (XI)] H Z ( ) [u\'F(xn')] " [quY(xw—l)] .
w=21=m,,_| [ —=my—y
Proof. From binomial expansion, (8) is obtained.
Theorem 2.4.
d+1  my My — My . t
I’l' u\ ’C m] mw* < " " > quT Xy et qu Xyp— e
22t el T 30 1 (0l Gl o o)

d
n,...,msz,my 1“+1 [”

ey Sy I e ©

Ly--sl2,1] w=1
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where ng, = my1 — My — by + ty—1 and 1y = my.

Proof.
d+1  my
my, —m B )
Zznl [uv xl m] H E mn l< w w— 1>[quS(xw)]l m”'_l[quY(XW,I)}m"' t
w=21=my,_| — My

=Y Yl F ) f(-l)”“( 1_};“) [ ()] o o) i (=1 (2?__ ,Z?)

ty=m th=ny

P WP Y <—1>’”d(”""") [P ()"

tg—m
lg=mq d d

d

m3 ny —t d
] m”“ w) mn+1 my,— O\,
= n: 1 "= _ [qu()W)] "
tg=my ty=nn tl—ml w=1 My,

Thus, (9) is obtained.
Identity (1) can be expressed as (10) using properties of permanent.

Theorem 2.5.

perlwF(x1)  wF(x2) —uw F(x1) ... 1=y F(xg)]

mp mpy—mj n—mg

d
n,...,m3,my Z A d " o
= 1 v w1 w Y
Z ( ) [H ( by —my, Z ( d d)

Liy--st2:0 ng=n—tg+mgy

per|wF(x1) wF(x2) ... wF(xa)] [s/.), (10)

my—t1+m m3—m)—ir+1) n—mg_|—tg+ty_|
where qu(xw) - qu(xw—l) = (qul (xw) - qul (wal),quz(Xw) - quZ(xwfl): ey qun(xw) - qul(xw—l))/-

Proof. Using properties of permanent , it can be written

perlwF(x1)  wF(x) —w F(x)) .. 1=y F(xg)]

my my—mj n—my
« n—mg\ "3 my —m
_ n—mg—1 nmy—my—1y ,
=Y 1y d< t > Y (-1 ( l >pel[qu(xl) S )
14=0 d 11=0 1 my—1 d n—mg—ty+ig_

— w=1

n—mg  np—m n my - El“ d . .
YooY [H <m” L ﬂ Yo tdperlwF(x) o wF(xa) 5/,

[d=0 11=0 w=1 ng=n—1ty my=1) n=mg—lg+ig_
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where 1 = ( 1,1,...,1)". Thus, (10) is obtained.

We will now obtain four expressions for the df.

Result 2.1. From(6) - (10), the joint df of X, .., X;,.n, ..., X .o can be expressed as

My, 3,011)
wky el :n(xlux2:--~~,xd> = Cpé” [Aux (xl) AHVF(XZ) Aqu(deH
112505 d
Mgty 1} my ny—nm) n—ny
n,...,m3,m) 4+l my
= ) QLT Awkiix)
Mgyt Pow=11=m,,_j+1
Ty 13,10) d+1
_ ZZ Z n! CH[AHVFS(xw)]mn‘*m“'—l
Mg,y g w=1
Ny... IM3,110) d+l my
my, — My,
ml m —t[ " w—1 1=y, " my,—t
At | D P (o)l P (1)
- [=my_y
Mg,y iy w=2t=m,,_|
d
Ty 3,0 oy 13,000 _1) d
_ 3 | 3 Zm““ ) Mypy1 =My P g,
S S NN I E R | () I
M gyeesliy 1) Lgenl2] w=1 w My

d
N30 M3, Zm“ - [ d Myt — My
= ) ey e
fy =My

Mgyt ) w=l

Z (ty —my)!

ng=n—t;+my

'per[qu(xl) qu(x2) qu(Xd)} [S/)

my—=ty+myp  my—my—i)+i; n=my_1=tg+-1

d+1 :
where C = [] [(myy — my—1)Y]”

w=1
We note that P{Xrl:n < xlaXJzn < X250 er:n < xd} ZEP{ rpn < X1, Xiﬂ, < X2y e Xrin > xd}

th

We will express the following result for df of the " order statistic from innid

variables from a truncated distribution.
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Result 2.2.
4 1
whrn(x) = ;ml’e"[qu(x) 1—511:;(x)]
n
= Zm. o ,Z< wFy(x ) 10—k )]
m=r I=m+1

=>.> Z (m) [P ()] [1 = o ¥ ()] (12)
SX T () () bt
B iﬁéﬂ“(’fi ") S - mperuF s/ ).

ng=n—t+m n—i+m

Proof. In (11),if d = 1, (12) is obtained.

In addition,

qur:n(x) = Z m'(n — |Z< uv ) H [1 - lll’F_}](x)]

m=r I=m+1
n t—m
1—
s ([T e 3 Tore
r t=m nr=t—m |=1
n—m
where » |, _,  denotes the sum over all (t m) subsets 7 = {71, T, ..., Ty—m } Of

{jm+l 7jm+2> 7]n}

In Result 2.3 and Result 2.4, the df’s of minimum and maximum order statistics
from innid variables from a truncated distribution are given, respectively.

Result 2.3.

wFia(x) =1- %per[l—mf(x)]
SO0 | (R0
=SSl (=P )] (13)
=Yl Y (e eor
=130 () 32 ol

Proof. In (12), if r = 1, (13) is obtained.
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Result 2.4.

whpn(x) = %per[wF;(X)]
:%Zﬁquj}(x) (14)
P =1
= Z Z[uvp(x)]l

Proof. In (12), if r = n, (14) is obtained.

3. IDENTITIES LEADING TO PROBABILITY DENSITY FUNCTION

The identities in the following theorems will be used to obtain joint pdf of order
statistics from innid variables from a truncated distribution. The identities
connect order statistics of innid random variables to that of iid random variables
using (4) and (5). We will now express five theorems used to obtain the pdf of
order statistics from innid variables from a truncated distribution.

Theorem 3.1.
Per[A qu(xl) uvf(xl) A IIVF(XZ) uvf(XZ) uvf(xd) A qu(xd+1 )]
r -1 1 r—ri—1 1 1 n—rq
dtl ry—1 d (15)
= Z (H H Am xn ) H v/ jr,, (xw)a
P \w=ll=r,_1+1 w=1

where 4 f(x) = (uf1(X0)s wf2 (X)) oy wefu (X)) 7o = 0 and rgy ) = n + 1.

Proof. Using expansion of permanent, it can be written

per[A qu(xl) uvf(xl) Aqu(x2) uvf(x2) uvf(xd) AUVF(xd+1)}

r—1 1 ry—r1—1 1 1 n—ry

= Z Al” /r -1 (Yl )UV j/‘l (X] )AUVF} 1+l ( ) A F/r -1 (x2)l”' jrz (xz) Wﬁrd (xd)

~Aquj,.d+1 (xd+1) Au\'F]‘n (xd+1)

-1 rp—1 n
Z(H AMLF/, X1 )mf/,l X1 ( H Aqu}, x2))uvf/,,(‘€2) .o uvf_/l',l(](xd) H AL{VE}/(xd+1)~
)4 1= I=r1+1 l=rg+1

Thus, (15) is obtained.

The following theorem connects the pdf of order statistics of innid random
variables to that of order statistics of iid random variables.
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Theorem 3.2.
oyl dtl
Z(H H Am'F}[(xw)) Hu\];y‘ ’Cn ZZ”' (H[Amp xu r“ et 1) Huu/ls(xw)- (16)
P \w=ll=r,_+1 w=1 w=1 w=1

Proof. Omitted.

Identity (16) can be expressed as (17) using binomial expansion.

Theorem 3.3.

d+1 d
ZZ”‘(H x“)]rw_r".]_l) ];[]mf(xw)

w=

d+1 ry—1 Fe— e —
DI ITE (H )3 <—1>"“‘”( o 1) )
w=21=ry,_| W—
d
'[”VF.(X“’HFFIH [uvp(xw—l)]rw*lit> H u»f(xw) .

Proof. From binomial expansion, (17) is obtained.

Theorem 3.4.

d+1 -1 d
rn- \ ry=1=t [ Tw = Fy-1 = 1 -1, ry—1-
ZZ”I [quf(xl)] I l(H z (_1) . I( (1 11 ) [qu(xw)]I ‘H[uvp(xw—lﬂ 1 r) Hmf(xw)
w=21t=r,_ W= w=1
PR g
Mhef37 107 —d+ ) (rygsi=te) Fytl =Ty — 1
:ZZn! Z (-1) =l H( ! ) ) [ux ( n)] uf(xll)
{2l =1 ’w_’u‘
whereng =ry1 —rp1—1—t,+t,1and o =r — 1.
Proof.
| d+l =1 i (T = oot — 1 | d
- r=l=t['w W= —'y— ry=l-t
Zzn' [lﬂ’Fg(xl)] ! H Z <_l> < (= | ) [ul'FS<xw)]I l[m'F(xw—l)] wa(xw)
w=21=1y_| W= w=1
— ZZ”' [ x 1 1 )721( )rw 1- il =1 - 1 [ F(‘C )][lfrl [ F(X )}7‘27141 mi(_m)gf]ftz I3—1)— 1
in l = -1 wl (A2 u 1 = h-n
—ry r-l- - n—ty [ =14 n—-
.[qug(XS)]Il - [m-FY(XQ)}3 = E(—l) a (td—ri) [uv ( t)] f Hmf( u)
1g=rq w=1

=1 n-1 ‘d+2("\v- ~ty) d o
- ZZ”' Z Z Z - ’ H (’AH;]‘ _}:u' 1> [u\ (\u)] " mf(x“)

Lg=rq by=r) t=r| w=1

Thus, (18) is obtained .
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Identity (15) can be expressed as (19) using properties of permanent.

Theorem 3.5.
perlwF(x1)  wf(x))  WwF(a) —wFx1)  wf(a) o wflxg) 1= uF(x))]
r1—l l 12 )1—] 1 1 )‘I*Vd
l’l,..4,)‘371,l‘271 _d+z Pyl — [” d o
= Y (-1 [H( o ) N (ta-ra)! (19)
Lyl =1 ng=n+rg—ty

per| wF(x1) . wF(x) m,f(xl)...l,vf(lxd)][S/.).

rtr=2—ty  n=rg_j=tgttg_y 1
Proof. Using properties of permanent, it can be written
Pé’i‘[qu(xl) uvf(x1> qu(x2) - qu<xl) uvf(XZ) uvf(xd) 1- qu<xd)]

-1 1 r-r-1 1 1 n-ry
n-ry ==l
—pi—l—py (12— 11 — l
_ Z i m( t ) B Z (1) 1 11< Z )per[m,F(x]) wf(¥1) o wf(xg) zl wF(%g) ]
14=0 d ,1=0 1 rn=2-1 1 1 A n=rg=tgtg_
n=rg nor-l ntl-rj—d- Er,, d
= Z Z (_ (hl“ ) Z fdlpe"[qu(M)m qu(xd) mf( cuy (W)“S/)
;=0 1=0 w=1 ng=n-ty n=l-tp nergigt 1

Thus, (19) is obtained.
We will now obtain four expressions for the pdf.

Result 3.1. From (15)- (19), the joint pdf of X, .u, X;yn, ..., X, zn Can be expressed as

fr| T rdn(xl X2, ) D[)é’l [A F(xl) uvf(xl) AUVF(XE) uvf(x2) uvf(xd) Aqu(de)]

-1 1 ry-r-1 1 1 n=rq
d+l - d
—DZ<H H Am xn )wajrw(xu')
P \w=ll=r, 1+l w=I
d+1 d
=YY up (H[AMF(x,,‘)]"""""'"l) []of(x)
w=1 w=1
d+1 -1 o
:Zzn!w(m)rl‘l(H Z(—l)’“"("‘l_“;ﬁl l) WPl Pl [ ufl -
w=21=1,,_1 W= w=1
Nty =Ly =1 —d Tt =) 4/
—Zznl[) 32 H,«;( 4 IJH<}||'+; _I: 1) P ()5 ()
e - w T

=D Yy (1) I

Igseenlsl] w=1

N3 =11y =1 *dJFZ("erl*’H') d Fystl -1
W w
([d_rd>!
< ly =Ty ) Z

ng=ntry=ty

perlwF(x1) o wF) wi(x) o ( «)][S/.),

==ty n=re =gt 1

dt1 X
where D = [ [(ry — rv—1 — D!

w=1
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By regarding 6 x,, (w = 1,2, ..., d) as small, we note that
P{x1 < Xpjn S X1+ 06x1,%0 < Xpyon < X2+ 0X2, 00, X0 < Xy < X+ 0X4}

—ZZP~{%1<X5 <xp+0x, o< X <xg+06x9, .., xg< X

Ty — rymn rqn —

< xg+6x4}.

We will express the following result for pdf of the " order statistic from innid
variables from a truncated distribution.

Result 3.2.
wfrn(X) = mper[uv]i(l@ uvfl(x) | _nul];(x)]
T - 1 'Z( ) ( I10- “"sz(x)]> wfy (%)
P I=r+1
=2 r(:) [P Q)= P )" () (21)

=22r<’:> UM

- ' i o)
(1 - 1 (n—r) 'Z (l - r) nS;m,([ r).per[:i};(’f)l mfl(x)][S/ )
Proof. In (20), if d = 1, (21) is obtained.

In Results 3.3 and 3.4, the df’s of minimum and maximum order statistics
from innid variables from a truncated distribution are given, respectively.
Result 3.3.
1

uvfl:n(x) = ( 1),P€V[uv ( ) 1 _’211]1;‘(3‘:)]
TR (1 (RIS S

_ZZ —MVF(X n ]m/a( )
- Zn S () lrrae
G ((2) X - verlF) il

ng=n—1+1 n—t 1

(22)
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Proof. In (21), if r = 1, (22) is obtained.
Result 3.4.

1
wifnen(X) = mper[wF(X) wf(x)]

n—1 1

n—-1v§:<IIm (X )mﬁn x) (23)
_ZZ uvv nlu\f()

Proof. In (21), if r = n, (23) is obtained.
In Result 3.5, the joint pdf of X., and X,,.,, is expressed as (24).

Result 3.5.
i l1:30) = TogperlaP(s2) =P ol (1)
—7%52yﬁm(ﬁmﬂm mHmowmw»
=33 0= P (x2) = P ()"l (50)f (32) (24)
_Zz;pli 1 (P Pl o) 1)

%'Z (T el Bl atln) )

-1 1 1
Proof. In (20), if d = 2 and r| = 1, r, = n, (24) is obtained.

In the following result, we will give the joint pdf of X1.,, X2, -y Xicn-

Result 3.6.
uvfl:Z,...,k:n(xlax% ...,Xk) 1 per[ qu(xk) urf(xl) m,f(xz) uvf(xk)]
( k) n—k 1 1 1
IZ( H [1 wk ‘Ck)])m]?l(‘fl)mfh(w) l“’ﬁk(“)
P \/=k+1
= Z Zm [1 - qu(Xk)]n_k H u\f(xw) (25)
' w=1

! - n—t n—k n—t k
= Z Z (n _ k)[ [:k(_l) ([ _ k) [WFY(X/{)} u[‘[l ztufs(x»n')
1 - n—t (M= k
= J4)< Q Z(FMW%HMW%QMWLW&MWJ

ng=n—t+k n—t

Proof. In (20), ifd=kandr; = 1,1, =2,... ,rx = k, (25) is obtained
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