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ABSTRACT
In 1979, Popa introduced the notion of rare continuity as a generalization of weak
continuity. The objective of this paper is to introduce a new generalization of rare
continuity called rare -continuity and investigate some of its fundamental properties.
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INTRODUCTION

Popa (1979) introduced the interesting notion of rare continuity as a
generalization of Levine's weak continuity (1961), and also studied some of its
properties. Long and Herrington (1982), Jafari (1995) and Jafari (1997) further
investigated rare continuity and some related notions and obtained some new
results. The purpose of the present paper is to introduce the concept of rare continuity in topological spaces via -open sets as a generalization of rare
continuity. We investigate several basic properties of rarely -continuous
functions. The notion of I.-continuity is also introduced which is weaker than
-continuity and stronger than rare -continuity.
Throughout the paper a space will always mean a topological space on which
no separation axioms are assumed unless explicitly stated.
De®nition 1. A subset A of a space (X,  is called
(1) regular open if A=Int(Cl(A)). (Stone 1937)
(2) a 3-set if it is equal to its kernel (= saturated set), i.e. to the intersection
of all open supersets of A. (Maki 1986)
(3) -closed if A=U\V, where U is a 3-set and V is a closed set. (Arenas et
al. 1997)
(4) -open if XnA is -closed. (Caldas, Jafari & Navalagi 2007)
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The family of all -open sets (respectively containing x2X) will be denoted by
O(X) (respectively O(X,x)). Recall that a rare set is a set R such that
Int(R)=;. A point x2X is said to be a -interior point of a subset AX if there
exists a -open set B containing x such that BA. (Caldas & Jafari 2005)
The set of all -interior points of A is said to be -interior of A and is denoted
by Int (A).
De®nition 2. A function f:X!Y is called
(1) weakly continuous if for each x2X and each open set V containing f(x),
there exists an open set U containing x such that f(U)Cl(V). (Levine
1961)
(2) rarely continuous if for each x2X and each open set V containing f(x),
there exist a rare set RV with V\Cl(RV   ; and an open set U
containing x such that f(U)V[RV . (Popa 1979)
(3) -continuous if the inverse image of every open set in Y is -open in X.
(Arenas et al. 1997, Caldas, Jafari & Navalagi 2007)
A space X is called locally indiscrete if every open set is closed. (Nieminen 1977)
The graph of a function f:X!Y, denoted by G(f), is the subset {(x,f(x)):x2X}
of the product space X2Y.

RARELY -CONTINUOUS FUNCTIONS

De®nition 3. A function f:X!Y is called rarely -continuous if for each x2X

and each open set V containing f(x), there exist a rare set RV with V\Cl(RV   ;
and U2 O(X,x) such that f(U)V[RV .
Remark 2.1. The following hold for a function f:X!Y:
weakly continuous ) rarely continuous ) rarely -continuous
None of these implications is reversible as shown in the following example
and in Popa (1979).
Example 2.2. Let X=Y={a,b,c},  ={X,;,{a},{a,b}} and ={X,;,{a},{b,c}}.
Then the function f:(X,  !(Y, de®ned by f(a)=c, f(b)=c, f(c)=a is rarely continuous but it is not rarely continuous.
Theorem 2.3. For a function f:X!Y, the following are equivalent:
(1) The function f is rarely -continuous at x2X,
(2) For each open set V containing f(x), there exists U2 O(X,x) such that
Int(f(U)\(YnV))=;,
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(3) For each open set V containing f(x), there exists U2 O(X,x) such that
Int(f(U))Cl(V).
Proof. (1))(2): Let V be an open set containing f(x). Since f(x)2VInt(Cl(V))
and Int(Cl(V)) is an open set containing f(x), there exist a rare set RV with
Int(Cl(V)) \Cl(R V   ; and a -open set U containing x such that
f(U)Int(Cl(V))[RV . This implies that
Int(f(U)\(YnV))=Int(f(U))\Int(YnV)
Int(Cl(V)[RV \(YnCl(V))(Cl(V)[Int(RV \(YnCl(V))=;.
(2))(3): It is obvious.
(3))(1): Let V be an open set containing f(x). Then there exists U2 O(X,x)
such that Int(f(U))Cl(V). This implies that
f(U)=(f(U)nInt(f(U)))[Int(f(U))
(f(U)nInt(f(U)))[Cl(V)=(f(U)nInt(f(U)))[V[(Cl(V)nV)=
[(f(U)nInt(f(U)))\(YnV)][V[(Cl(V)nV).
Take R1 =(f(U)nInt(f(U)))\(YnV) and R2 =Cl(V)nV. Then R1 and R2 are rare
sets and RV =R1 [R2 is a rare set such that Cl(RV \V=; and f(U)V[RV .
Thus, f is rarely--continuous.
Now we have the following two results whose proofs are omitted since they
are immediate consequences of De®nition 3.
Theorem 2.4. A function f:X!Y is rarely -continuous at x2X if and only if for
each open set V of Y containing f(x), there exists a rare set RV with
Cl(RV \V=; such that x2Int (fÿ1 (V[RV .
Theorem 2.5. A function f:X!Y is rarely -continuous if and only if for each
open set Vof Y, there exists a rare set RV with Cl(RV \V=; such that
fÿ1 (V)Int (fÿ1 (V[RV .
De®nition 4. A function f:X!Y is said to be strongly -open if the image of
every -open set is open.
Theorem 2.6. If f:X!Y is a strongly -open rarely -continuous function and Y
is Hausdor, then f has -closed point inverses.
Proof. Let y2Y and x2{x2X:f(x)6y}. Since f(x)6y and Y is Hausdor, there
exist disjoint open sets V1 , V2 such that f(x)2V1 and y2V2 . Since V1 \V2  ;,
then Cl(V1 \V2  ;. Also, we have y2= Cl(V1 . Since f is strongly -open and
rarely -continuous, there exists a -open set U containing x such that
Int(f(U))=f(U)Cl(V1 . Suppose that U is not contained in {x2X:f(x)6y}.
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There exists a point u 2U such that f(u)=y. Since f(U) Cl(V 1 , then
y=f(u) 2Cl(V 1 . This is a contradiction. Thus, U {x 2X:f(x) 6y} and
{x2X:f(x)6y} is -open in X. Therefore, {x2X:f(x)6y} is -open in X,
equivalently fÿ1 (y)={x2X:f(x)=y} is -closed in X.
Theorem 2.7. If f:X!Y is rarely -continuous and Y is Hausdor, then for each
(x,y)2= G(f), there exist a -open set VX and an open set UY containing x and
y, respectively, such that Int(f(V))\Int(Cl(U))=;.
Proof. Let (x,y)2= G(f). We have y6f(x). Since Y is Hausdor, there exist disjoint
open sets U and G containing y and f(x), respectively. Then Int(Cl(U))\Cl(G)=;.
Since f is rarely -continuous, then there exists a -open set V containing x such
that Int(f(V))Cl(G). Thus, Int(f(V))\Int(Cl(U))=;.
Lemma 2.8. A space X is locally indiscrete if and only if every -open set of X is
open in X. (Caldas et al. 2006)
Theorem 2.9. The following are equivalent for a function f:X!Y, where X is a
locally indiscrete space:
(1) f is rarely -continuous,
(2) f is rarely continuous.
Proof. Obvious.
De®nition 5. A function f:X!Y is called
(1) I.-continuous at x2X if for each open set V containing f(x), there exists
U2 O(X,x) such that Int(f(U))V.
(2) I.-continuous on X if f has this property at each point x2X.
Remark 2.10. The following hold for a function f:X!Y:
ÿcontinuous ) I.-continuous ) rarely -continuous
None of these implications is reversible as shown in the following example.
Example 2.11. Let X={a,b,c} and  ={X, ;,{a}}. Then the function
f:(X,  !(X,  de®ned by f(a)=a, f(b)=a, f(c)=c is I.-continuous but it is not
-continuous. The function g:(X,  !(X,  de®ned by g(a)=b, g(b)=a, g(c)=c
is rarely -continuous but it is not I.-continuous.
Theorem 2.12. The following are equivalent for a function f:X!Y, where Y is a
regular space:
(1) f is I.-continuous,
(2) f is rarely -continuous.
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Proof. (1))(2): Obvious.
(2))(1): Let f be rarely -continuous and x2X. Let VY be an open set and
f(x)2V. Since Y is regular, then there exists an open set V1 containing f(x) such
that Cl(V1  V. Since f is rarely -continuous, then by Theorem 2.3 there exists
U2 O(X,x) such that Int(f(U))Cl(V1 . Thus, Int(f(U))V and hence f is I.continuous.
De®nition 6. (Ekici et al. 2008) A function f:X!Y is said to be
(1) (,s)-open if f(A) is semiopen for every -open subset AX.
(2) weakly--continuous if for each x2X and each open set V containing
f(x), there exists U2 O(X,x) such that f(U)Cl(V).
Theorem 2.13. If a function f:X!Y is rarely -continuous and (,s)-open, then f
is weakly -continuous.
Proof. Let x2X and V be an open subset of Y containing f(x). Since f is rarely continuous, there exists a -open set U of X containing x such that
Int(f(U))Cl(V). Since f is (,s)-open, then f(U) is semiopen in Y. We have
f(U)Cl(Int(f(U)))Cl(V). Hence, f is weakly -continuous.
Corollary 2.14. If f:X!Y is a strongly -open rarely -continuous function,
then f is weakly -continuous.
Proof. By Theorem 2.13, it follows from the fact that every strongly -open
function is (,s)-open.
Theorem 2.15. If f:X!Y is rarely -continuous function and O(X) is closed
under ®nite intersections, then the graph function g:X!X2Y, de®ned by
g(x)=(x,f(x)) for every x in X is rarely -continuous.
Proof. Let x2X and A be an open set containing g(x). Then there exist open sets
U and V in X and Y, respectively, such that (x,f(x))2U2VA. Since f is rarely
-continuous, there exists H2 O(X,x) such that Int(f(H)) Cl(V). Take
K = U \H . T h e n K i s a - o p e n s e t c o n t a i n i n g x a n d h e n c e
Int(g(K))Int(U2f(H))U2Cl(V)Cl(A). Thus, g is rarely -continuous.
Lemma 2.16. If g:Y!Z is continuous and one-to-one, then g preserves rare sets.
(Long & Herrington 1982)
Theorem 2.17. If f:X!Y is rarely -continuous and g:Y!Z is continuous and
one-to-one, then gof:X!Z is rarely -continuous.
Proof. Let x2X and VZ be an open set such that (gof)(x)2V. Since g is
continuous, then there exists an open set H containing f(x) such that g(H)V.
Since f is rarely -continuous, there exist a rare set RH with H\Cl(RH   ; and
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a -open set U containing x, such that f(U)H[RH . By Lemma 2.16, g(RH  is a
rare set in Z. Since RH YnH and g is injective, then Cl(g(RH \V=;. Thus
(gof)(U)V[g(RH  and hence gof is rarely -continuous.
De®nition 7. A function f:X!Y is called pre--open if f(A) is -open in Y for
every -open set AX. (Jafari et al. 2008)
Theorem 2.18. If f:X!Y is pre--open surjection and g:Y!Z is a function such
that gof:X!Z is rarely -continuous, then g is rarely -continuous.
Proof. Let y2Y and x2X with f(x)=y. Suppose that VZ is an open set
containing (gof)(x). Since gof is rarely -continuous, then there exist a rare set
RV with V\Cl(RV   ; and U2 O(X,x) such that (gof)(U)V[RV . Take
H=f(U). Then H is -open containing f(x). This implies that there exist a rare
set RV with V\Cl(RV   ; and H2 O(Y,y) such that g(H)V[RV . Hence, g is
rarely -continuous.
De®nition 8. A space X is called -T2 if for x, y2X such that x6y there exist
disjoint -open sets U and V such that x2U and y2V. (Caldas, Jafari &
Navalagi 2007)
It is shown that -T2 is equivalent with T0 in Ganster et al. (2008a),
Lemma 2.19. If for each pair of distinct points x1 and x2 in a space X, there exist
a function f of X into (Y, such that Y is Urysohn, f(x1  6f(x2  and f is weakly
-continuous at x1 and x2 , then X is -T2 . (Ekici et al. 2008)
Corollary 2.20. If for each pair of distinct points x1 and x2 in a space X, there
exist a function f of X into (Y, such that Y is Urysohn, f(x1  6f(x2  and f is
(,s)-open rarely -continuous, then X is -T2 .
Proof. Follows from Theorem 2.13 and Lemma 2.19.
De®nition 9. Let A={Vi} be a class of subsets of X. By rarely union sets (Jafari
1995) of A we mean {Vi [RVi }, where each RVi is a rare set such that each of
{Vi \Cl(RVi } is empty.
De®nition 10. A subset B of X is said to be rarely almost compact relative to X
(Jafari 1995) if every open cover of B by open sets of X, there exists a ®nite
subfamily whose rarely union sets cover B.

De®nition 11.

(1) A topological space X is said to be rarely almost compact if the set X is
rarely almost compact relative to X. (Jafari 1995)
(2) A subset A of X is said to be -compact relative to X if every cover of A
by -open sets of X has a ®nite subcover. (Caldas, Jafari & Navalagi
2007)
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Remark 2.21. It should be mentioned that the notion of -compactness is called
O-compactness in (Ganster et al. 2008b) and its properties are studied there.

Theorem 2.22. If f:X!Y is rarely -continuous and A is a -compact set relative
to X, then f(A) is rarely almost compact subset relative to Y.

Proof. Let be an open cover of f(A) and let 8 be the family of each set V in such

that V\f(A)6 ;. This implies that 8 is an open cover of f(A) and hence for each
x2A, there exists a Vx 2 8 such that f(x)2Vx . Since f is rarely -continuous, then
there exist a rare set RVx with Vx \Cl(RVx   ; and a -open set Ux containing x
such that f(Ux  Vx [RVx . Then there exists a ®nite subfamily {Ux }x21 which covers
A, where 1 is a ®nite subset of A. Moreover, {Vx [RVx }x21 covers f(A). Thus, f(A)
is rarely almost compact subset relative to Y.
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