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ABSTRACT

In this paper we prove that a left ideal L of a semigroup S is the universally minimal left ideal of S
if and only if LH=HL=L for all left ideals of S.

A semigroup S has both the universally minimal left ideal L and the universally minimal right
ideal Rif and only if S has the kernel T, which is a group. In thiscase L, =R, =T,. A two-sided
ideal 4 of a monoid S, with no increasing elements, is the universally maximal left, right, and
two-sided ideal of S if and only if S— A4 is a subgroup of S.

If a semigroup S with L, R, L* and R* has the property L* = R* = L_ then either Sis the
union of two disjoint groups or L, is a singleton having a non-idempotent e.

INTRODUCTION

We shall follow the notation and terminology of Clifford & Preston (1961, 1967) for all
concepts not defined in this paper. Throughout this paper all semigroups under
consideration are without zero. We shall state theorems with respect to ‘left’. The dual
case (i.e. ‘right’) is similar.

Definition. A two-sided (left, right) ideal of a semigroup S is called minimal if it does
not properly contain any two-sided (left, right) ideal of S.

A two-sided (left, right) ideal of a semigroup S is called universally minimal if it is
contained in every two-sided (left, right) ideal of S.

A two-sided (left, right) ideal of a semigroup S is called universally maximal if it is
proper and contains cvery proper two-sided (left, right) ideal of S.

An element x of a semigroup S is called right (left) increasing element of S if there
exists a proper subset D of S such that Dx=S (xD =S).

Notation. In this paper we shall denote the ensemble of all left (right, two-sided) ideals
of an arbitrary semigroup S by &/ (4, 2).
&/ is a semigroup with respect to the opertion defined by:

L, Lresd LyLy = {xy: xeL,, yeLs}

Similarly 2 and 2 are semigroups.
L, (R,, T,) denotes the universally minimal left (right, two-sided) ideal of a
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semigroup S, and L* (R*, T*) denotes the universally maximal left (right, two-sided)
ideal of S.
The term ‘universally minimal’ is the synonym of ‘least” or ‘smallest’, that is
L= (Y HR,= (VHT, = () H.
He.o He# He2z
Of course L, R,, T, # (J are required.

If L (R) is a minimal left (right) ideal of a semigroup S, then L (R) is a right (left)
zero element of .o/ (#) but the converse is not true in general, since the union of any
collection of minimal left (right) ideals of S is a right (left) zero of .o/ (#) but not a
minimal left (right) ideal of S.

It is obvious that a universally minimal left (right, two-sided) ideal is a minimal left
(right, two-sided) ideal. We note that a minimal two-sided ideal is a universaily
minimal two-sided ideal, equivalently, the smallest. In fact, let 7 be a minimal ideal of a
semigroup S and D be any ideal of S. Then 7nD is a non-empty ideal of S since
TD<S TnD; TnD < Timplies TnD = T by the minimality of 7. Hence T< D, Thus T'is
least. The least ideal is also called the kernel. Unlike minimal left (right) ideals, K is the
kernel of S if and only if K is the zero element of 2.

Theorem 1. Let L be a left ideal of a semigroup S. Then L=L_ if an only if
LH=HL=L for all left ideals H of S.

Proof. (1) Necessity. Assume L=L,. Then L= HL follows from the fact that AL is a
left ideal of S. On the other hand HL = L since L is a left ideal of S. Hence HL=L.
Next, since LH< H for all left ideals # of S, LH= L. But LH=L since L=L_.

(ii) Sufficiency. Since L=LH < H for all left ideals A of S, we have L=L,.

Assume a semigroup S has a minimal left ideal and let {Li: iel} be the set of all

minimal left ideals of S.

Lemma 1. A minimal left ideal of a semigroup S is contained in any two-sided ideal
of S.

Proof. Let L be a minimal left ideal of § and T a two-sided ideal of S. Then
L=TLcTScT.

Lemma 2. Let L be a minimal left ideal of S and R a minimal right ideal of S. Then

UL =LS=LR=T,.

iel

Proof. Let x be an element of S and y be an element of Lx. There exists zeL such that
y=zx. Then

Syl iy} = Szx J{zx} = (Sz\{z})x = Lx.
It follows that Lx is a minimal left ideal of S. So we have
LS=\)Lxcs\JL  foreveryiel

€S iel

(J LySs | JWws) YL

iel iel iel

and
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We have shown that

U L

iel
is a two-sided ideal of S. By Lemma 1, it is contained in every ideal of S. Therefore

UL,' = T*

iel
By a similar argument

LIRS LS=|JLx=JL =T,

xe S el
Since LR is a two-sided ideal of S, LR=LS=T,.

In consequence of Lemma 2, if S has a minimal left ideal then S has the kernel.
Proposition 1. If a semigroup S has the universally minimal left ideal L, then L, =T,

Proof. By Theorem |, L H=HL, =L, forallleftideals H of S. Inparticular L, S=L,,
but Lemma 2 yields L, =T,.

Remark 1. The converse of Proposition 1 does not hold. The following example
illustrates that. Let S be the semigroup defined by the table

a b ¢ d e f
a b b e e e b
b b b e e e b
¢ f f d d d f
d| f f d d d f
e b b e e e b
Sl f f d d d f

Then S has the kernel K= {5, d, e, f}. But S has neither L, nor R,. The semigroup S'is
an inflation of rectangular band K.

Remark 2. The existence of one of L, and R, in a semigroup S does not imply the
existence of the other.

Example. Let # be the semigroup of all transformations of the non-empty set @, and H
be the set of all constant transformations of Q. Then

(1) Every element aeH constitutes a minimal left ideal of %, and # has no other
minimal left ideals. '

To prove that, let « be an element of H, then for every ye£ and for every xeQ,
xya=ya=xa, that is, ya=a. So Fa={a} and {a} is a minimal left ideal of & .

Now let L be a minimal left ideal of %, and 6 be any element of L. Then
xaf=A0=4"=xp; (e H), which implies that «0 = fecH. But afeL, because L is a left
ideal, which implies that L ={f} by the minimality of L.
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(2) # has the kernel 7, = H by Lemma 2.
So H is a right ideal of #.
(3) H is the universally minimal right ideal of %

To prove this, let R be any right ideal of # . Then for every ¥eR and for every acH,
we have ya =o. ButyaeR, so aeR, which implies that H < R. So # has R, but it hasno
L,.
Theorem 2. A semigroup S has both L, and R, if and only if S has the kernel T', which
isa group. Inthiscase L,=R,=T,.

Proof. (i) Necessity. By Proposition 1, L, =T, . Similarly R, =T,. Let x be any element
of S, R be any right ideal of S, L be any left ideal of S. Then T,x= RxS RS<=R,
xT,exLeSLc L.
So for every aeT,, we have aT, =T, a=T,.
Therefore T, is a group.

(ii) Sufficiency. Let L be a left ideal of S. Since T, L= T L, T,nL is a non-empty
leftideal of T,. But T, is a group; we have T,nL=T,, thatis, T,=L.Hence T, =L,.
Similarly T, =R,,.

Proposition 2. A semigroup S contains the kernel T, if and only if

() SaS # &.
aes
In this case, necessarily
T, = ﬂ SaSsS
ae§
Proof. Let
D = () SaS.
aes

(i) Necessity. Since SaS is anideal of S, T, = SaS for all aeS, hence T, € D, D # (.
Let teT,. Then DS StS<T,. As D is an ideal of S, we have D=T,.

(i1) Sufficiency. Assume D # ¢, D is certainly an ideal of S. Let I be an ideal of S.
For xel, D€ SxSc L
Thus D is contained in all ideals /, hence D=T,.

Theorem 3. A two-sided ideal 4 of a monoid S, with no increasing elements, is the
universally maximal left, right, and two-sided ideal of S if and only if S—A4 is a
subgroup of S.

Proof. (i) Necessity. Assume A is the universally maximal left, right and two-sided ideal
of S. Then

A = {aeS: Sa=aS=S} (see Al-Lahham (1974))

Obviously the identity e of the monoid S belongs to 4. If aeA then there exists a’, a”’e 4
such that aa’=a”a=e. It follows that @’ =a” and Sa’=a’S=S. So a’eA.
Therefore 4 is a subgroup of S.
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(ii) Sufficiency. Assume A is a subgroup of S. Let B be any left ideal of S not
properly contained in 4. Then beB— A implies 4b< SB< B. But Ab= A, since 4 is a
subgroup of S and beA4. So A < B, which implies that e belongs to B. Hence B2 SB=S
and B=S.

Therefore A4 is the universally maximal left ideal of S. Consequently A4 is the
universally maximal right and two-sided ideal of S. (see Al-Lahham (1981)).

Theorem 4. 1f a semigroup S with L, R,, L* and R* has the property L*=R*=L,.
Then either S is the union of two disjoint groups or L, is a singleton having a
non-idempotent element e.

Proof. Since S has L, and R, then S has T, and moreover T, =L, = R, is a subgroup
of S.

Since S has L*=R* then S has no increasing elements and moreover it has
T*=L*=R* where

T* = {aeS: auSa = auaS = S} (see Al-Lahham (1974))

If |T*)> 1, then T* is a subgroup of S and S is the union of two disjoint groups.
If |T* =1, then T* has only one element e, where either eceSnSe and e is the
identity of S, so €2 = e and S is the union of two disjoint groups, or eeSeeS then e? #e.

Example. Let S=Gule}; e¢G, where G is a group and e’=1 (1 is the identity of G).
eg=ge=g for every geGG. Then S is a semigroup with

T*=[*=R*=T,=L,=R, =G.

Corollary. If a monoid S, with no increasing elements, has the property L, =R, =T*,
then S is the union of two disjoint groups.

Proof. S has L* = R*=T* (see Al-Lahham (1981)) and T* is a subgroup of S, also S
has T, = R,=L,, by Proposition 1, which is a group. So S is the disjoint union of two
groups.

Example. Let S=G10G; GinGy= . Where G| and G, are two groups, and
xy = yx = x for every xeG\, yeG
Then S is a semigroup with the property

T*=L*=R*=L, =R, =T, =G

* *
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