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ABSTRACT
A moderately thick all-edge clamped cylindrical panel of isotropic material is
investigated using a recently developed closed form approach. The ®nite element method
is employed to calibrate the developed solution. The closed form approach follows a
double Fourier series solution method suitable for moderately thick shells. STAAD-III,
a commercial package for structural analysis is used to carry out the ®nite element
solution. The through thickness shell formulation of both the approaches is based on the
First Order Shear Deformation Theory. The numerical results and comparisons thus
presented for various parametric eects should serve as a guideline for engineers.

INTRODUCTION
Since the introduction of shear deformable response into the moderately thick
plate by Reissner (1994) and Mindlin (1951) in plate theory, several
developments have occurred in shell theory as well, but corresponding progress
in the ®eld of boundary-value problems to shells or panels are not abundant in
the literature. Analytical solutions to boundary-value problems are very
important to check the accuracy of any sort of approximate methods, e.g., ®nite
element, ®nite dierence, Galerkin, or Rayleigh-Ritz, etc. Performances of the
®nite element method (FEM) in the context of cylindrical panel boundary-value
problems are usually compared with a simple type of boundary conditions, such
as a simply supported type at all edges (Timoshenko & Woinowsky-Krieger
1959, Flugge 1960, Bert & Kumar 1981, Reddy 1984a,b, Stavky & Lowey 1971).
The comparison of the FEM results with the other complex boundary-valueproblems was not reported in the literature due to the non-existence of its
analytical solutions. Finite element users and developers would like to see the
comparison of their solutions with complex boundary-value-problems to have
con®dence in their models. One knows that the ®nite element is shy in
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converging to a solution at edges, an inherent property of the shear-¯exible
based FEM, in the case of all edge clamped cylindrical panels. The shynesses are
due to the element formulation, integration schemes, boundary-value-problems,
and number of elements in a solution process. In the aerospace, space-shuttle, or
hydrospace industry, shell panels are fabricated in pieces joining them using
heavy stringers. When the panels are welded to the heavy stringers, they almost
behave as ®xed boundary conditions at edges, due to the high inertia ratio of
stringers-to-panels. Diculties lie in the FEM model at those joints. To the best
of the knowledge of the authors, the results of the FEM were not compared with
the analytical solutions of all edge clamped cylindrical panels, for such
analytical solutions were not available in the literature. Kabir and Chaudhuri
(1989) have develped an analytical solution to all-edge clamped rectangular
plates based on general double Fourier series approach.
The main objective of this paper is to expand this method (Chaudhuri &
Kabir 1989) to obtain an analytical solution of a moderately thick all-edge
clamped cylindrical panel of isotropic materials subjected to mechanical
loadings, such as uniformly distributed loads. The next objective is to compare
analytical solutions to validate results obtained from the ®nite element method.

THEORETICAL BACKGROUND
A cylindrical panel of spans `1  `2 , thickness `3 and radius r, measured from
the mid depth of thickness is shown in Fig. 1. An orthogonal curvilinear co`
ordinate system 1 ; 2 ; 3  is placed at 3 . `1 and `2 are measured along 1 and
2
2 axes, respectively. The surface generated by 1 2 is reference surface
3  0. 3 is normal to 1 2 surface. The following are strain - displacement
relations according to Sanders' (1959) shell theory for cylindrical panels.
,

(1a)

,

(1b)
,

(1c)
, and
,

(1d)
(1e)
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Fig. 1. A cylindrical panel.

where "01 and "02 represent surface parallel strain components at
1 ; 2 ; 3  0. "04 and "05 are transverse shear strain components in 1 3 and
2 3 planes, respectively. "06 represents the in-plane shear strain. u0i i  1 3
represent displacements of reference surface along i i  1 3, respectively.
Following Sanders (1959) the strains at any point along the thickness are
expressed in the following form:
,

(2a)
,

(2b)

,

(2c)

, and

(2d)
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(2e)
where "i (i = 1, 2, 4, 5, 6) represent strains at (1 ; 2 ; 3 ). 1 and 2 are
rotations of normals about 2 and 1 axes, respectively.
The governing partial dierential equations of the cylindrical panel are given
as (Chaudhury & Kabir 1989):
,

(3a)

,

(3b)

,

(3c)

, and

(3d)

(3e)
where P3 de®nes uniformly distributed load normal to the surface; Nij de®ne inplane stress resultants; Mij are stress couple resultants; and Qij are the transverse
shear stress resultants. The stress resultants and stress couple resultants can be
expressed in terms of displacements and their derivatives as follows:

,

,

(4a)

,

(4b)

(4c)

,

(4d)

,

(4e)
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(4f)

(4g)

(4h)
where
.
K11 and K22 are shear correction factors. In our analysis, the values of K11 and
K22 are taken as 5/6.
Introduction of equations (4) into (3) produces the following set of partial
dierential equations:

(5a)

,

,

(5b)

(5c)

, and

(5d)
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(5e)
where Fij are as de®ned in the Appendix.
The natural boundary conditions for all edge clamped cylindrical panels are:
u01  0

at all edges , and

(6a)

i  0

at all edges.

(6b)

EXACT SOLUTION
The objective here is to obtain an exact solution of the partial dierential
equations (5a through 5e) for the prescribed boundary conditions as given in
equations (6a and 6b). The displacements functions are assumed in terms of
double Fourier series in the following form (Kabir & Chaudhury 1994):
, and

(7a)
(7b)

are de®ned as m and n,
`1
`1
respectively. The above assumed solution functions satisfy the prescribed
where Aimm and Bimm are Fourier constants.

m

and

m

boundary conditions in a manner similar to Navier's approach (cited in
Timoshenko & Woinowsky-Krieger 1959). Therefore, their further
dierentiation would not pose any violation of the physical continuity.
Expansion of the transverse load into double Fourier series:
(8)
followed by introduction of the assumed solution functions (7) and their
corresponding derivatives into the governing partial dierential equations (5),
generates the following sets of linear algebraic equations:
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for m = 1, ..., 1 and n = 1, ..., 1 ,

(9a)

for m = 1, ..., 1 and n = 1, ..., 1 ,

(9b)

for m = 1, ..., 1 and n = 1, ..., 1 ,

(9c)

for m = 1, ..., 1 and n = 1, ..., 1 ,

(9d)
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for m = 1, ..., 1 and n = 1, ..., 1

(9e)

where Fj i (i = 1,5; j = 1, 5) are constant coecients.
Equations (9a - 9e) yield a total of 15 mn (for m = 1, ... 1, and n = 1,... 1)
algebraic equations can be generated, if a direct application of Navier's type is
employed, in 5mn unknowns

, thus failing to provide a

unique solution to this physical problem. Now the following series expansions
of cos (

m

1 ) cos (

n

2 ), cos (

m

1 ) sin (

n

2 ), and sin (

m

1 ) cos (

n

2 ) are

performed (Sanders 1959, Chaudhuri & Kabir 1989, Kabir 1994):
,

(10a)

, and

(10b)

,

(10c)

where
,

= 1, 2, 3, ..., 1
,

= 1, 2, 3, ..., 1 ,

(11a)
(11b)
(12a)
(12b)

, and

(13a)

.

(13b)

Introduction of the above series expansions (11 - 13) into equation (9a - 9e) will
now provide as many equations in as many unknowns, thus providing a unique
solution to an important boundary value problem. The solution of the
simultaneous equations would provide the displacement terms: u1, u2, u3, 1 and
2 , as assumed in the solution functions (7).
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NUMERICAL RESULTS AND DISCUSSIONS
To demonstrate the above procedure numerically, a cylindrical panel
subjected to uniformly distributed load with the following material properties is
considered.
E = 29,000 ksi (204 GPa) ,
= 0.25 ,
K21 = 5/6 (for a rectangular cross-section) , and
K21 : transverse shear correction factor.
For convenience the following non dimensionalized quantities are de®ned:
,
, and
.
The accuracy of a series solution lies to the nature of convergency. A
monotonic convergence of a double Fourier series in the sense of Navier's
solution is well achieved (Timoshenko & Woinowsky-Krieger 1959, Flugge
1960) as it satis®es the boundary conditions and governing dierential

Fig. 2. Convergence of u3 , M1 and M2 with m  n ,

`2
= 1, `1 =`3  10 and r=`1  10.
`1
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equations. However, in the present case a series expansion into a series solution
is introduced, which is a distinct deviation from Navier's approach. Therefore,
study of the nature of convergency for the present situation will be a very
interesting one.
Figs. 2 and 3 illustrate the convergences of u3 , M1 and M2 (central values) for

Fig. 3. Convergence of u3 , M1 and M2 with m  n ,

Fig. 4. Convergence of u3 , M1 and M2 with m  n ,

`2
= 1, `1 =`3  50 and r=`1  10.
`1

`2
= 1, `1 =`3  10 and r=`1  1000.
`1
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m=n
Fig. 5. Convergence of u3 , M1 and M2 with m  n ,

`2
= 1, `1 =`3  50 and r=`1  1000.
`1

`1 =`3
Fig. 6. Variations of u3 , M1 and M2 with

`2
= 1, and r=`1  20 for various `1 =`3 .
`1

various m = n with `2 =`1  1; r=`1  10, and `2 =`1  1; r=`1  10 and 50,
respectively. A monotonic convergence for the case of `1 =`3  10 is well achieved,
while `1 =`3  50 shows monotonic oscillations but converges to the average
values, a nature of double Fourier series expansion. Figures 4 and 5 illustrate the
convergence of u3 , M1 and M2 for various m = n with `2 =`1  1, and r`1  1000
and `1 =`3  10 and 50, respectively, and similar trends are also observed here.

172

Abdullateef M. Al-Khalee®, H.R.H. Kabir and San-Shyan Lin

Variations of u3 , M1 and M2 (central values) for various `1 =`3 are given for a
cylindrical panel with `2 =`1  1, r=`1 , 20, 30, 40, 50, 100 and 500, respectively,
in Figs. 6 to 11. The characteristics and trends of the results are very convincing.
The parametric variations with respect to various radius-to-span ratios are given
for u3 , M1 and M2 (central values) in Figs. 12 to 16. The eects of radius for the
present problem are not appreciable.
The numerical results of the present solution are compared with a commercially
available structural analysis package, STAAD - III (1998). The panel is modeled

`1 =`3
Fig. 7. Variations of u3 , M1 and M2 with

`2
= 1, and r=`1  30 for various `1 =`3 .
`1

`1 =`3
Fig. 8. Variations of u3 , M1 and M2 with

`2
= 1, and r=`1  40 for various `1 =`3 .
`1
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`1 =`3
Fig. 9. Variations of u3 , M1 and M2 with

`2
= 1, and r=`1  50 for various `1 =`3 .
`1

`1 =`3
Fig. 10.Variations of u3 , M1 and M2 with

`2
= 1, and r=`1  100 for various `1 =`3 .
`1

with N  N where N is the number of elements, (N = 5 to 27) 4 - node
quadrilateral plate element. It is a hybrid element with complete quadratic stress
distribution. The assumed stress distribution is as follows (STAAD-III, 1998):

(14)

a1 through a12 are constants of stress polynomials.
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`1 =`3
Fig. 11. Variations of u3 , M1 and M2 with

`2
= 1, and r=`1  500 for various `1 =`3 .
`1

r=`1
Fig. 12. Variations of u3 , M1 and M2 with

`2
= 1, and `1 =`3  5 for various r=`1 .
`1

The results of u3 , M1 and M2 (centrally calculated) are plotted in Fig. 17
along with the present solutions (with m=n=9). An oscillation is observed for
®nite element results for the case of stress resultant, while transverse
displacements agree very much with the present solution. The oscillation can be
attributed to the condition that ®nite element solutions, depending on the
complexity of boundary conditions, may show oscillation.
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r=`1
Fig. 13. Variations of u3 , M1 and M2 with

`2
= 1, and `1 =`3  10 for various r=`1 .
`1

r=`1
Fig. 14. Variations of u3 , M1 and M2 with

`2
= 1, and `1 =`3  20 for various r=`1 .
`1

r=`1
Fig. 15. Variations of u3 , M1 and M2 with

`2
= 1, and `1 =`3  50 for various r=`1 .
`1
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`1 =`3
Fig. 16. Variations of u3 , M1 and M2 with

`2
= 1, and `1 =`3  100 for various r=`1 .
`1

Fig. 17. Comparison of present and STAAD-III solutions for u3 , and M1 (central values) of
`
`
r
cylindrical panel with 1 = 20, 2 = 1, and = 10.
`1
`3
`1
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CONCLUSION
An analytical solution to a clamped cylindrical panel is presented. The shell
formulation, based on Sanders' kinematic relation generates ®ve coupled partial
dierential equations that are solved using the recently developed double
Fourier series approach. The accuracy of the series solution is determined
numerically. The numerical results of the present solution are compared with
the numerical results of STAAD-III. The numerical results thus presented can
be used as base-line solutions to compare other approximate methodologies.
The extension of the method as presented here is under consideration for
thermal and in-plane shear buckling problems.
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APPENDIX
De®nitions of coecients as de®ned in equations (5a - 5e):
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